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Abstract :
Current research is concentrated on the influence of translational vibrations on thermocapillary convection in
two-layer system of viscous incompressible homogenous immiscible fluids, separated by deformable interface with
surface tension coefficient dependent on temperature.
Linear stability was considered in the cases of single-frequency vibrations of finite and infinite frequencies, as
well as multi-frequency oscillations. When frequency was finite, vibrations were considered vertical, and for large
frequencies vibration direction was taken as arbitrary.
In the case of single-frequency oscillations continuous fractions method was applied, and for multi-frequency an
eigenvalue problem for infinite matrix was solved. Parametric resonance regions, corresponding to synchronous
and subharmonic disturbances, as well as oscillatory instability regions, were calculated. Neutral curves be-
haviour in amplitude-wave number and amplitude (minimized by wave number)-frequency axes was studied cor-
responding to different parameter combinations — layer densities, depths, viscosities, thermal conductivity coeffi-
cients, and surface tension. Interface elevation was calculated as well.
In the case of large frequencies averaging method was applied. It was shown that vibrations have stabilizing
influence, with the strongest effect being when oscillations direction is vertical. Frequency values were calculated,
which correspond to large frequency asymptotics.
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1 Introduction
Researching parametric influence on any system leads to two most interesting cases — high-
frequency oscillations and parametric resonance.
Influence of vertical high-frequency vibrations on the onset of convection in domain with
solid boundary was first studied in Zenkovskaya, Simonenko (1966), where averaging method
was applied to obtain a closed scleronomous system for averaged hydrodynamic field. In later
works on vibrational convection the approach given in Zenkovskaya, Simonenko (1966) was
used. In Zenkovskaya, Shleykel (2002) vibrational thermocapillary convection in horizontal
fluid layer with deformable free boundary in the case of translational vibrations of arbitrary
direction was studied. Problem, given in Zenkovskaya, Shleykel (2002), in the case of finite
frequencies was discussed in Zenkovskaya et al. (2007). In this paper a method of continuous
fractions, developed in V.I. Yudovich works and his followers Zenkovskaya, Yudovich (2004),
Yudovich et al. (2004), was applied. Influence of vertical vibrations on the origin of waves
on the interface in two-layer fluids was studied in Sekerzh-Zenkovich, Kalinichenko (1979),
Sekerzh-Zenkovich (1983). Thermocapillary convection in two-layer systems was taken up in
Birikh, Boushoueva (2001).
Current paper concentrates on investigation of vibrational thermocapillary convection in
two-layer systems.
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2 Problem statement
A system of two layers of immiscible viscous incompressible homogeneous fluids, bounded
by two solid walls and separated with a deformable interface with surface tension coefficient
σ = σ0 − σTT , dependent on temperature is considered. Coordinates will be denoted as x1, x2,
x3. x3 axis is directed downwards and coincides with gravity vector. Point of origin is taken on
undeformed interface. Upper wall is situated at depth x3 = −H2, lower — at depth x3 = H1.
All values, corresponding to lower layer will be denoted with index 1, to upper layer — with
index 2.
It is assumed that the system as a whole performs translational oscillations governed by the
law x3 = af(ωt) along vector ~s = (cosϕ, 0, sinϕ), where f is 2pi-periodic function with zero
average, ϕ is vibration angle. Here ω is the frequency, a = a(ω) is the amplitude of vibrations.
Convection equations in dimensionless variables, written in cartesian coordinate system,
rigidly fixed with oscillating system, have the form
ρk
(
∂~vk
∂t
+ (~vk · ∇)~vk
)
= −∇pk + µk4~vk + ρk~g(t), ~g(t) = Q0~γ − aω2f ′′(ωt)~s, (1)
div~vk = 0,
∂T k
∂t
+ (~vk · ∇)T k = Ck4T k (2)
Here ~vk = (vk1 , vk2 , vk3) are relative velocities, pk are the pressures, T k are the temperatures,
γ = (0, 0, 1).
Boundary conditions on the interface x3 = ξ(x1, x2, t) are:
~v1 = ~v2, ~vk · ~`= ∂ξ
∂t
, ~`= (−ξx1 ,−ξx2 , 1), ~n =
~`
|~`| , (3)
−(p1 − p2)ni + (τ 1ij − τ 2ij)nj = −2Kσni − (∇Γσ)i, (4)
∇Γ(σ)i = ∂σ
∂xi
− ∂σ
∂xk
nkni, 2K = ∇2 ∇2ξ√
1− |∇2ξ|2
, ∇2 =
(
∂
∂x1
,
∂
∂x2
)
(5)
T 1 = T 2, κ1
∂T 1
∂~n
− κ2∂T
2
∂~n
+MT kdivΓ~v
k = 0, σ = C −MT, divΓ ≡ ∇Γ (6)
On the solid outer boundaries of the system x3 = h1,−h2:
~vk = 0, B1k
∂T k
∂x3
+B0kT
k = bk. (7)
Lenght, time, velocity, pressure and temperature scales are L, T , LT −1, ρL2T −2, AL. ρ is
the characteristic density scale, A is characteristic vertical temperature gradient. Specific scale
selection will be made later.
The following dimensionless parameters are used: densities ρˆk = ρk/ρ, dynamic viscosities
µˆk = µkT /ρL2, depths, hˆk = Hk/L, thermal diffusivity coefficients Ck = χkT /L2, thermal
conductivity coefficients κˆk = κk/κ (κ is the characteristic thermal conductivity coefficient
scale), Bˆ1k = B1kL is the dimensionless heat emission coefficient, bˆk = bkAL. Q0 = g0T 2/L
is the constant part of gravity, aˆ = a/L is the dimensionless vibration amplitude, ωˆ = ωT
is the dimensionless vibration frequency, C = σ0T 2/ρL3 is the dimensionless surface tension
coefficient, M = σTAT 2/ρL2 is the Marangoni number.
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3 High frequency asymptotics
3.1 Krylov-Bogolubov averaging method
Further we consider the case when vibration frequency ω is large, and amplitude a = b/ω is
small, so that velocity amplitude b is finite. We also assume that the vibration period is smaller
than characteristic hydrodynamic time, so that we can discard vibrational boundary layers.
Under such conditions the Krylov-Bogolubov averaging method can be applied to problem
(1–7). A fast time τ = ωt is introduced, and the solution is searched as a sum of slow and fast,
having zero average in time, components:
~vk = ~¯v
k
(~x, t) + b~wk(~x, t)f ′(τ), pk = p¯k(~x, t) + ωbρkΦk(~x, t)f ′′(τ),
T k = T¯ k(~x, t)− 1
ω
b(~wk(~x, t),∇T¯ k(~x, t))f(τ),
ξ = ξ¯(x1, x2, t) +
1
ω
b(~wk(~x, t), ~`¯(x1, x2, t))f(τ)
where amplitudes ~wk and Φk are governed by equations:
~wk = −∇Φk + ~s, div~wk = 0
As a result of averaging method application, we obtain closed system for slow variables (bar
is omitted):
∂~vk
∂t
+ (~vk,∇)~vk = − 1
ρk
∇pk + νk4~vk +Q0~γ +Re2(~wk,∇)∇Φk, (8)
div~vk = 0,
∂T k
∂t
+ (~vk,∇)T k = Ck4T k, ~wk − ~s = −∇Φk, div~wk = 0. (9)
Here Re2 = b2 〈f ′2〉, 〈f〉 = 1
2pi
2pi∫
0
f(τ)dτ .
On solid walls x3 = h1,−h2:
~vk = 0, wk3 = 0, B1k
∂T k
∂x3
+B0kT
k = bk (10)
On averaged interface x3 = ξ(x1, x2, t):
~v1 = ~v2, w1n = w
2
n, (~v
k · ~`) = ∂ξ
∂t
, (11)
(τ 1ij − τ 2ij)nj − (p1 − p2 − τv)ni = −2Kσni − (∇Γσ)i, (12)
τv = Re
2(ρ1
∂Φ1
∂x3
~w1 − ρ2∂Φ
2
∂x3
~w2, ~`), (13)
T 1 = T 2, κ1
∂T 1
∂~n
− κ2∂T
2
∂~n
+MT kdivΓ~v
k = 0, ρ1Φ
1 = ρ2Φ
2. (14)
3.2 Equilibrium solution. Stability problem
Averaged system (8–14) has an equilibrium solution:
~v0k = 0, T 0k = Akz, ξ
0 = 0, ~w0 = (cosϕ, 0, 0), Φ0k = z sinϕ
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After applying linearization technique, setting ~vk = ~v0k + ~uk, ξ = ξ0 + η, pk = P k +
p0k, T k = θk + T 0k, ~wk = ~w0k + ~W k, Φk = Φ0k + Φ˜k (tilde is omitted further), intro-
ducing flow functions uk1 = ∂ψ
k
∂z
, uk3 = −∂ψ
k
∂x
, W¯ k1 =
∂$k
∂z
, W¯ k3 = −∂$
k
∂x
(bar is omit-
ted further), eliminating pressures P k and functions Φk, separating variable x by substitution
(ψk(x, z, t),$k(x, z, t),θk(x, z, t),η(x, t)) = eλt+iαx(iαψk(z),iα$k(z),θk(z),η) and obtaining
explicit expression for $k(z) the resulting spectral problem can be written as:
λLψk = νkL
2ψk, λθk + α2Akψ
k = CkLθ
k
On x3 = h1,−h2:
ψ = 0, Dψ = 0, B1kDθ
k +B0kθ
k = 0
On linearized interface x3 = 0:
ψ1 = ψ2, Dψ1 = Dψ2, α2ψk = λη,
µ1D
2ψ1 − µ2D2ψ2 + α2(µ1 − µ2)ψ1 =M(θk + Akη),
3α2(µ1 − µ2)Dψ1 + ρ01λDψ1t − ρ02λDψ2t − (µ1D3ψ1 − µ2D3ψ2)−
−Q0(ρ1 − ρ2)η − (Cα2 +Rvα)η = 0,
θ1 + A1η = θ
2 + A2η,
κ1Dθ
1 = κ2Dθ
2.
Here Rv = Re2 sin2 ϕ
(ρ1 − ρ2)2
ρ1cthαh1 + ρ2cthαh2
is the vibration-generated surface tension.
This problem can be numerically solved for neutral curves in (M , α) plane for different
parameter values.
4 Finite frequencies, vertical oscillations
For the finite frequencies case we take that vibrations are vertical, that is, ϕ = pi/2.
4.1 Quasiequilibrium solution. Stability problem
The problem (1–7) has quasiequilibrium solution:
~v0k = 0, ξ0 = 0, pk0 = ρkg(t)z + φ(t), T
k0 = Akz
where φ(t) is an arbitrary function.
After applying linearization technique, setting ~vk = ~v0k + ~uk, ξ = ξ0 + η, pk = P k + p0k,
T k = θk+T 0k, introducing flow functions uk1 = ∂ψ
k
∂z
, uk3 = −∂ψ
k
∂x
, eliminating pressures P k sep-
arating variable x by substitution (ψk(x, z, t),θk(x, z, t),η(x, t)) = eiαx(iαψk(z, t),θk(z, t),η(t))
the resulting spectral problem can be written as:
ρk
∂
∂t
(D2 − α2)ψk = µk(D2 − α2)2ψk, ∂θ
k
∂t
= Ck(D
2 − α2)θk − Akα2ψk (15)
On z = h1,−h2:
ψk = 0, Dψk = 0, B1kDθ
k +B0kθ
k = 0. (16)
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On linearized interface z = 0:
ψ1 = ψ2, Dψ1 = Dψ2, α2ψk = ηt, θ
1 + A1η = θ
2 + A2η, (17)
κ1Dθ
1 = κ2Dθ
2, µ1D
2ψ1 − µ2D2ψ2 + α2(µ1 − µ2)ψ1 =Ma(θk + Akη), (18)
3α2(µ1 − µ2)Dψ1 + ρ1Dψ1t − ρ2Dψ2t − (µ1D3ψ1 − µ2D3ψ2)−
−Q(t)(ρ1 − ρ2)η − Cα2η = 0, Q(t) = Q0 − aω2f ′′(ωt) (19)
4.2 Floquet solutions
Further we shall consider the case, when system performs oscillations having Fourier series
expansion f(ωt) =
+∞∑
j=−∞
fje
ijωt
. Separating time, we shall seek the unknowns in the form of
infinite Fourier series:
(ψk(z, t), θk(z, t), η(t)) = eλt
+∞∑
n=−∞
(ψkn(z), θ
k
n(z), cn)e
inωt (20)
Here λ = λr + iλi is a complex number — Floquet multiplier.
Substituting (20) into the problem (15–19) an infinite system of ordinary differential equa-
tions is obtained:
ρkλn(D
2 − α2)ψkn = µk(D2 − α2)2ψkn, λnθkn = Ck(D2 − α2)θkn − Akα2ψkn
On z = h1,−h2:
ψkn = 0, Dψ
k
n = 0, B1kDθ
k
n +B0kθ
k
n = 0.
On linearized interface z = 0:
ψ1n = ψ
2
n, Dψ
1
n = Dψ
2
n, α
2ψkn = λncn, θ
1
n + A1η = θ
2
n + A2cn,
κ1Dθ
1
n = κ2Dθ
2
n, µ1D
2ψ1n − µ2D2ψ2n + α2(µ1 − µ2)ψ1n =Ma(θkn + Akcn),
3α2(µ1 − µ2)Dψ1n + (ρ1 − ρ2)λnDψ1n − (µ1D3ψ1n − µ2D3ψ2n)−
−((ρ1 − ρ2)Q0 + Cα2)cn − 2aω2(ρ1 − ρ2)
∑
j+k=n
fjck = 0
For each n for unknowns cn we obtain an expression:
Mn(λ)cn = −2q
∑
j+k=n
fjck, n = 0,±1,±2, . . . q = (ρ1 − ρ2)aω2α (21)
where Mn(λ) is not given due to its unhandiness.
In general this problem can be solved as an eigenvalue problem for q. When f(ωt) is a
harmonic function, for example, f = cosωt (therefore its Fourier decomposition coefficients
are: c−1 = c1 = 1/2, cn = 0, n = −∞.. +∞, n 6= −1, 1) the system (21) becomes three-
diagonal. For such system it is possible to write a dispersion relation for λ in explicit form
using continuous fractions approach, presented in Zenkovskaya, Yudovich (2004). Dispersion
relation, obtained from (21), has the form (here and further f(ωt) = cosωt):
−Mn + −q
2
−Mn+1 + −q
2
−Mn+2 + . . .
=
−q2
Mn−1 +
−q2
Mn−2 + . . .
(22)
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When λ = 0 the equation (22) is:
Re
−q2
M1 +
−q2
M2 + . . .
= −M0
2
If λ = iω/2 it leads to: ∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
M0 +
−q2
M1 +
−q2
M2 +
−q2
M3 − . . .
∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
2
= q2
Following Zenkovskaya et al. (2007), neutral curves were computed for all three main cases
of stability loss: synchronous, subharmonic and quasiperiodic.
5 Conclusions
The purpose of this paper is not only obtaining of qualitative results on vibrational influence,
but also demonstration of effective methods of approaching such problems — averaging method
and continuous fractions method. They allow to minimize the amount of calculations.
This research was done under partial support of RFBR grant 05-01-00587, leading science
schools support program NS-5747.2006.1 and ESS "Regular and Chaotic Hydrodynamics".
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